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1 Introduction 

In his famous paper [Coj . A. Connes formulated a conjecture which is now one of the most 
important open problem in Operator Algebras. This importance comes from the works 
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of many mathematicians (above all Kirchberg pClj . but also Brown [Brj . Collins-Dykema 
|Co-Dy| , Haagerup-Winslow |Ha-Wilj . [Ha-Wi2j . Radulescu [Ral]. [Ra2] . Voiculescu ^7o2\ 
and many others) who have found some unexpected equivalent statements showing as this 
conjecture is transversal to almost all the sub-specialization of Operator Algebras. 
In this survey I would like to give a more or less detailed description of all these approaches. 
In the second chapter I am going to recall, more or less briefly, some preliminary notions 
(ultrafilters, ultraproducts ...) and give the original formulation of the conjecture. In the 
third one I am going to describe Radulescu's algebraic approach via hyperlinear groups. 
In the forth one I am going to describe Haagerup-Winslow's topological approach via 
Effros-Marechal topology. In the fifth one I am going to describe Brown's theorem which 
connects Connes' embedding conjecture with Lance's weak expectation property. In the 
sixth one I am going to describe briefly other approaches. 

2 Preliminary notions and original formulation of the 
conjecture 

The most important preliminary notions are those of ultrafilter and ultraproduct. We 
recall the following 

Definition 1. Let X be a set and U a non-empty family of subsets of X. We say that U 
is an ultrafilter if the following properties are satisfied: 

1. ^^U 

2. A,B eU implies AnB £U 

3. AeU implies B eU,\fB^A 

4. For each A Q X one has either A&UorX\A£U 

Ultrafilters are very useful in topology, since they can be thought as a dual notion of 
net, allowing to speak about convergence in a very general setting. In this overview we 
are interested only in the concept of limit along an ultrafilter of a family of real numbers. 
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Definition 2. Let {xa}aeA be a family of real numbers and U an ultrafilter on A. We 
say that limuXa = x G M if for any £ > one has 

{a e A : \xa — x\ < e} e U 

Remark 3. In order to understand better this notion of convergence, let us consider a 
convergent sequence of real numbers {a;„}. We want to prove that it is convergent along 
any ultrafilter U. Let us consider separately two cases: the first one is when U is principal 
(i.e. there exists S C N such that U is the collection of the supersets of B. In this case, 
one says that i? is a basis for U); the second one is when U is not principal. In this last 
case U is also called free. We need the following classical 

Lemma 4. Let U be an ultrafilter on a set X. 

1. IfUis principal, its basis is a singleton. 

2. If U is not principal, it cannot contain finite sets. 

Proof. 1. Let B the basis for U. If B is not a singleton, we can take a non trivial 
partition of B. One and only one of the sets of this partition must belong into U, 
contradicting the minimality of B. 

2. Assuming the contrary, let A G W be a finite set. Take a € A. Then one set between 
{a} and A \ {a} must belong into U. In the first case U should be principal with 
basis {a}; in the second one we can repeat the argument until to obtain a singleton. 

□ 

Coming back to our example, let U be principal on N and let {no} be its basis. By 
definition A^ = {n e 'N : \xn — Xno\ < e} contains no for all e > 0. Thus A^ e U (by the 
third property) and consequently limuXn = Xn^- On the other hand, if W is free, let x be 
the classical limit of {xn} and £ > 0. One and only one between A^ = {n : \xn — x\ < e} 
and N \ belongs into U (by the forth property). But N \ is finite and it follows (by 
the lemma) that A^ for every £ > 0. 

Note 5. Notice that we have used that {a;„} is a sequence just to exclude the case 
N \ G Z//. A more refined version of the previous argument however shows that every 
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bounded net is convergent along a given ultrafilter li. In order to prove it one can follow 
a Bolzano- Weierstrass argument: let {xajaeA ^ [— -^j-^], set Ri = [—M,Q\,R2 = (0, M] 
and Fi = {a ^ A : Xa ^ Ri\- One and only one between Fi and F2 belongs into the 
ultrafilter U (if it is F2 , we exchange R2 with R2 (we find a subset of A which contains F2 
and so it still belongs into U)). By repeating this argument, we find a sequence of closed 
sets Rn, whose diameter halves at each step and containing infinitely many elements of 
the net. Now Rn is a singleton {x} ant it easy to prove that limuXa = x 

Now we can introduce the notion of ultraproduct. It depends on the algebraic structure 
of the objects whose we want to make the product. Thus there are many kinds of 
ultraproduct. We are interested in just two of them: ultraproduct of metric groups and 
of type III factors. In order to define the ultraproduct of a family of metric groups we 
firstly recall what metric group means. 

Definition 6. Let G be a group. A bi-invariant metric on G is a metric on G such that 
digx, gy) = d{x, y) = d{xg, yg) Vx, y,g £ G 

The pair (G, d) is called metric group. 
Similarly one can define left-invariant or right-invariant metrics, but one can find examples 
(see |Pej Ex.2.1) that show as these concepts are not good to define the ultraproduct. 

Notation 7. Let {{Ga, da)}aeA be a family of groups equipped with bi-invariant metrics 
and U an ultrafilter on the index set A. We set 

G = {xGllGa : SUPadAdaiXa, IgJ < O^} 

In this way, we assure limudaixa, ^Ga) exists for any x £ G. So let 

N = {x£G: limuda{xa, IgJ = 0} 

We have the following 

Lemma 8. N is a normal subgroup of G. 

Proof. Of course Iq = {IcalaGA S Let x,y £ N, by using the left invariance and the 
triangle inequality, one has 

da{Xaya,'i-Ga) = da{ya,X~^) < da{ya,lGa) + da{x~'^ , iGa) = daiVaAGa) + ^(Xa, IgJ ^ 
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Similarly one can prove that x £ N, then also x £ N. In order to prove the normality 
of N we need the hypothesis of bi-invariance on d (see [Pe] Ex. 2.1). Let x £ G and 
n £ N. One has 

da{XanaX~^,lGa) = da{Xana,Xa) = da{na,lGa) 

Thus xnx^"^ £ N . □ 

Thus the quotient G/N is well-defined as a group and it is easy to verify it is a metric 
group with respect to the bi-invariant metric 

d{xN,yN) = limuda{xa,ya) 

Notice that the metric is well-defined, since da{xa,ya) < da{xa,lGa) + daiVaACa) ™d 
thus the net da{xa,ya) is bounded. Consequently it converges along every ultrafilter (see 
RemlSI). 

Definition 9. The metric group G/N is called ultraproduct of the G^s and it is denoted 

We will come back to the ultraproduct of metric groups in the next chapter, when we 
will describe Radulescu's algebraic approach to the Conjecture. Now we want to present 
the construction of the ultraproduct of type Hi factors Ma , which is 

Definition 10. Let {{Ma,tra)}aGA a family of type IIi factors equipped with normalized 
traces tva and U an ultrafilter on A. Set 

M = {x £ Y[Ma : sup\\xa\\ < 00} 

aeA 

and 

J = {x£M: limutra{xlxa)^''^ = 0} 

The quotient M/J turns out to be a factor of type Hi with the trace tr{x + J) = 
limutra{xa) (but it is not easy to prove! see fPe] pg. 18,19 for a sketch, or the original 
papers by McDuff ( |McDj ) and Janssen ([J^)). It is called ultraproduct of the Ma 's. The 
word ultrapower is referred to the case Ma = N for every a £ A. 

The last preliminary notion is a recall of the type Hi hyperfinite factor. 
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Definition 11. A von Neumann algebra M is called approximately finite dimensional 
(AFD) if it contains an increasing chain of finite dimensional subalgebras whose union is 
strongly dense in M. 

It has been already found out by Murray and von Neumann ( |Mu-vN] ) that there 
is substantially a unique (up to von Neumann algebra isomorphism) AFD factor of type 
III, denoted by R. It is called hyperfinite factor and it is natural to expect that it is 
the smallest type Hi factor, in the sense that every type Hi factor contains a copy of R. 
Actually, one has it is the smallest factor of infinite dimension (as Banach space). One 
can also describe it explicitly. Let us recall the following 

Definition 12. Let G be a group and 1^{G) the Hilbert space of all square-summable 
complex- valued functions on G. Each g £ G defines an operator Xg : P{G) l'^{G) in the 
following way: 

A,(/)(a;) = f{g-^x) 

The group von Neumann algebra of G, denoted by VN{G), is the strong operator closure 
of the subalgebra of B{P{G)) generated by all the A^'s. 

Note 13. A group von Neumann algebra is always finite. A trace is determined by the 
conditions: tr{l) = 1 and tr{g) = 0,\/g ^ 1. 

Remark 14. Notice that A* = A^-i. Thus Xg G U{VN{G)) and the mapping G — ^ 
U {VN(G)) defined by 5 — )• Ag embeds G into the unitary group of its group von Neumann 
algebra. 

Note 15. We recall two classical results on the group von Neumann algebra: it has 
separable predual if and only if the group is discrete; it is a factor if and only if the group 
is i.c.c, i.e. every conjugacy class except {1g} is infinite. 

Note 16. A classical result is that the group von Neumann algebra of Si^"' (the group of 
all the permutations of N which fix all but finitely many elements) is the hyperfinite type 
Hi factor. 

Another way to describe the hyperfinite type Hi factor is the following: R = (S)'^=i Af2(C). 
Indeed this von Neumann algebras is a finite factor which contains an increasing family 
of factors whose union is strongly dense (by using M2(C) (X" M2(C) = M4(C)). From this 
description it follows that R R — R, which we will use later. 
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Remark 17. The notion of separability for von Neumann algebras cannot be given with 
respect to the norm topology, since it is trivial. Indeed, if M is an infinite dimensional von 
Neumann algebras, then it contains a countable family of mutually orthogonal projections, 
with which (by using the borelian functional calculus) it is easy to construct a copy of 1°^ 
into M. So the unique von Neumann algebras which are norm-separable are the finite- 
dimensional ones. 

The right notion of separability for von Neumann algebras is given by the following 
classical 

Proposition 18. Let M he a von Neumann algebras. The following are equivalents: 

1. The predual is norm-separable. 

2. M is weakly separable 

3. M is faithfully representable into B{H), with H separable. 

Definition 19. A von Neumann algebras is called separable if it satisfies one of the 
previous conditions. 

After these preliminary notions we are able to enunciate Connes' embedding conjecture 
in its original formulation. In order to simplify notations let us denote ui a generic free 
ultrafilter on N and the ultrapower of R with respect to w. 

Conjecture 20. (A. Connes, |Co| ) Every separable type IIi factor is embeddable into 

Remark 21. Assuming Continuum Hypothesis, Ge and Hadwin have proved in |Ge-Haj 
that all the ultrapowers of a fixed Hi factor with separable predual with regard to a 
free ultrafilter on the natural numbers are isomorphic among themselves. More recently, 
Farah, Hart and Sherman have proved also the converse: for any separable type Hi factor 
M Continuum Hypothesis is equivalent to the statement that all the tracial ultrapowers 
of M (with regard to a free ultrafilter on the natural numbers) are isomorphic among 
themselves (see [Fa-Ha-STi] . Th.3.1). On the other hand, ultrapowers with respect a 
principal ultrafilter are trivial (being isomorphic to the factor itself!). It follows that 
Continuum Hypothesis together with Connes' embedding conjecture implies the existence 
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of a universal type //i-factor; universal in the sense that it should contain every type 
III factor. Ozawa have proved in [Oz2] that such a universal type Hi factor cannot have 
separable predual. 



Fortunately we don't have this problem 
Proposition 22. If lo is non-principal, then is not separable. 

Proof. We have to prove that is not faithfully representable into B{H), with H 
separable. We recall that if H is separable, then all the (classical) topologies on 
B{H) are separable, except the norm topology (see | Jo] ) . Moreover, we recall that the 
strong topology coincide with Hilbert-Schmidt topology on the bounded sets. So it is 
enough to prove that R'^ contains a non-countable family of unitaries {u^*^} such that 
lltiW -ti^^^lb = V2 for all t / s. 

Let {un} ^ U{R) a sequence of distinct unitaries such that n„ / 1, for all n G N and 
T{u^Um) = for all n ^ m. 

Let t £ [jQ, 1), for instance t = 0, 132471.... Define 

It = {1, 13, 132, 1324, 13247, 132471, ...} 

i.e. It is the sequence of the approximations of t. Clearly, {It}t^[J- i) is uncountable and 
It n Is is finite for alH / s (this property forces the choice of t > ^!). 
Now define 

(t) . {t) (t) (t) (t) (t) (t) 

U\' = l,uy = U2,...U\^ = 1*12,^13 = '"l''"l4 = 'U2,---'"i3i = ^tl31-12 , -"132 = ""l--- 

i.e. every time we find an element of It, we start again from ui. Now define n*-*-* = 
rinGN^^*'*' Since It H Is is finite (for t ^ s), then ti^*) and n^*) have only a finite number 
of common components. Thus we have 

||nW - n^lli = /imwT„((4*) - 4'))*(txW - 4^))) 

where is the normalized trace on the n-th copy of R. Now we observe that 



if ni*)=^x^f) 
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Since Un = Un only on a finite set and since lA is free (and tlius it does not contain finite 
sets), it follows that 

/^m,,r„((uW-nWr(4*)-4^))) = 2 
and thus - nW||2 = \/2. □ 

Note 23. Non-separability of has been already proved by several authors ( [Fej and, in 
greater generality, [PoJ Prop. 4.3). We have preferred this proof because it is constructive 
in the sense that will be more clear in the following section: it allows (together with th. 
l35|) to produce examples of uncountable groups which embed trace-preserving into U{R^) 
and to generalize a theorem by Radulescu (see also |Ca-Pa] ) . 



3 The algebraic approach 

The idea of the algebraic approach is attaching the following weaker version of Connes' 
embedding conjecture. 

Conjecture 24. (Connes' embedding conjecture for groups) For every countable 
i.c.c. group G, the group von Neumann algebra VN[Q) embeds into a suitable ultrapower 

Radulescu in |Ralj has worked to find a characterization for those groups which satisfy 
this weaker version of the Conjecture. 

Definition 25. Let U{n) be the unitary group of order n, i.e. the group of n x n matrices 
with complex entries and such that u*u = uu* = 1. The normalized Hilbert-Schmidt 
distance on U{n) is 



dHs{u,v) = \\u-v\\2 



\ ~ ^'^^ " -y=y/tr{{u-v){u-v)*) 



Bi-invariance of this metric follows from the main property of the trace: tr{ab) = 
tr{ba). 

Definition 26. A group G is called hyperlinear if it embeds into a suitable ultraproduct 
of unitary groups of finite rank (equipped with Hilbert-Schmidt distance). 
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Our purpose is to prove the following characterization theorem 
Theorem 27. (Radulescu) The following conditions are equivalent 

1. Connes' embedding conjecture for groups is true. 

2. Every countable i.c.c. group is hyperlinear. 

This theorem was firstly proved by Radulescu in the countable case. L. Paunescu and 
the present author have generalized it to the continuous one. We present our result later 
(see CorJ37p. Now we need some preliminary results. 

Lemma 28. Let M = Y\ii Ma be a type IIi factor obtained as ultraproduct of type Hi 
factors Ma, equipped with normalized traces tra, with regard to an ultrafilter U on the 
index set. Then 

U{M) = \{U{Ma) 
u 

i.e. the unitary group of the ultraproduct is the ultraproduct of the unitary groups. 

Proof. The inclusion 5 is obvious, since the multiplication in the ultraproduct is pointwise. 
Conversely, let Va G Ma such that v = Wj^Va is unitary, i.e. WuV^^Va = 1. We have to 
prove that there exist unitaries Ua such that — Hw^a- '^a = '"aba I the polar 

decomposition of Va- Since Ma is a type Hi factor, we can extend the partial isometry Ua 
to a unitary operator. So we can assume that Ua is unitary. Now we can verify that they 
are just the unitaries which we are looking for. Indeed 

X{va = \{na\Va\=\{uaX{\Va\=\{ua\{{vlVa)^'^ = X{ua{X{vlVafl'' =\{ua 

u u u u u u u u u 

□ 

Proposition 29. (Elek-Szabo, [El-Sz| ) Let G be a group such that for any finite F 
and any e > there exist a natural number n and a map 9 : F ^ U (n) such that 

1. ifg,h,gheF, then \\e{gh) - e{g)e{h)\\2 < e 

2. ifla^F, then\\e{lg)-lu(^^\\2<e 

3. for all distinct x,yeF, \\e{x) - e{y)\\ > 1/4 
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Then G is hyperlinear. 

Proof. Choosing e = 1/n, we have a family of maps 6F,i/n '■ F ^ U {F, n). We set 

A = {(F, l/n),F C G finite,n> 1} 

partiahy ordered in a natural way. Let W be a free ultrafilter on A containing every subset 
of the form { (H, 1 /m) : H D F,m > n}. Now we consider the map 

e : G B g ^l[9p^y^ig) ellUiF,n) 
u u 

We have to prove that this map is a monomorphism. Let and dus respectively the 
Hilbert-Schmidt distance on U{F,n) and on the ultraproduct U{F,n). We have 

dHs{0{hg) - 9{h)9{g)) = limud^'^{ep^i/n{gh),ep^i/n{g)OF,i/n{h)) < 

< limu^/n 

Now we use the particular choice of the ultrafilter in order to conclude that the previous 
limit must be zero. In a similar way (by using the second property) one can easily prove 
that 6 is unital. Thus it is an homomorphism. Injectivity follows from the third property 
applied to a similar argument. □ 

Note 30. Also the converse of the previous proposition is true (see |E1-Sz) ). Moreover, 
this proposition shows that the notion of hyperlinearity does not depend on the choice of 
the ultrafilter. 

Remark 31. The previous proposition can be viewed in the following way: if one can 
approximate every finite subset of G with a unitary group of finite rank, then G is 
hyperlinear. A fundamental application of this fact is the following 

Corollary 32. Let (G, d) be a metric group containing an increasing chain of subgroups 
isomorphic to U{n),n G N, whose union is dense in G and such that = dns- Then 

a group H is hyperlinear if and only if it embeds into a suitable ultrapower of G. 

Proof. If H is hyperlinear, then it embeds into a suitable ultraproduct of unitary groups. 
This ultraproduct, by hypothesis, embeds into the same ultraproduct of G. Conversely, 
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let 6 be the embedding of H into Let F = {fi,---fk} ^ H and e > 0. Let m 

be a natural number and {9{fi))m the m-th component of 0{fi) £ . Since F is finite 
and is an embedding, we can choose m such that {9{fi))m are all distinct (take m in 
the intersection among the sets on which the 9{fi)m's differ). This intersection cannot 
be empty, since it is finite intersection of sets belonging into uj). By hypothesis, there 
exist Ui E U{ni) such that dHs{{9{fi))m — Ui) < e. Let n = max{ni,i = 1, ...k}, we can 
identify Ui G U{n). Moreover we can assume that Ui are all distinct. So, we can define 
^Ffiifi) = the first two properties are clearly satisfied; the third one is not obvious and 
one has to follow a trick known as amplification (see |E1-Sz| and |Ral| ). □ 

Lemma 33. 
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Proof. At first we observe that {R (g> R)"^ = R'^, by using the isomorphism (a;^ ^3 i/n 
{6{xn ® yn))n, where 9 is an isomorphism between R R and R. It remains to embed 
R'^ R^ into {R (X" R)^ ■ We can do this by using the enibedding (^n)ri. ^ {.yn)n — ^ 

{Xn ® yn)n- □ 

Lemma 34. Let G he an i.c.c. group and 9 : G ^ U{M) a unitary faithfully 
representation on a finite von Neumann algebra M with trace t. Then \T{9{g))\ < l,\/g G 
G,g^lG. 

Proof. Certainly \T{9{g))\ < 1, since the unitary elements have trace in absolute value 
< 1. So we assume T[9{gQ)) = A, with A a complex number with norm one, and we prove 
that gQ = 1g- Take u = X*9{gQ). This unitary element has trace one and thus it must be 
the identity. Indeed 

t{{u - l)*(n - 1)) = 2 - 2i?e(r(n)) = 

So 0((7o) = -^1 and thus, setting h = ggog^^, we have 9{h) = A and thus h = go (by 
the faithfulness). Therefore go is the unique element of its conjugacy class and then 
90 = 1g- □ 

Now we can prove Radulescu's characterization theorem. 
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Proof. We have to prove that VN{G) embeds into if and only if G is hyperhnear. We 
start assuming that VN{G) embeds into . Recalling rem O we have that G embeds 
into U{VN{G)) and then into U{R^). It follows that G embeds into UcoU{R) (by the 
lemma [28]) . Now we recall that R contains an increasing family of weakly dense finite 
dimensional von Neumann factors. Thus U{R) contains an increasing family of subgroups 
isomorphic to U{n) whose union is dense in U{R) (the density follows from the normality 
of the trace). Of course we have the restriction property of the distance. So we can use 
Corj32] to conclude that G must be hyperlinear. Conversely, by the hypothesis and by 
Cor. [32l G embeds into U{R^). Let 9i be such an embedding and g £ G, g 1. By 
Lemma [Ml we have \T{9i{g)\ < 1 We define a new embedding 02 = 9i <^ 9i. This is still 
an embedding into U{R^), by Lemma [551 Moreover T{92{g)) = T{9i{g))'^. By induction 
we can construct a sequence of embedding 9n = ^n-i ® 9i and we have lim\T{9n{g))\ = 
for each g ^ 1. Now, since G is countable, we can write G = IJi^i with j4i C ^ ... 
are all finite subsets of G. For each /c E N choose such that \'T{9n,.{g))\ < 2^'^ for all 
g £ Ak, g ^ I. Let us denote Xk = 9n^. Moreover, if x G U{R^), Xn denotes the n-th 
component of x. Lastly Tn denotes the trace on the n-th copy of R. With these notations, 
we have 

lim^\Tn{\k{g)n)\ = \T{\k{g))\ < 2'^ 

Thus, there exists such that Tm^{\k{g)mk) < 2"^. We define Tr^j. : G U{R) 
by setting TTmkig) = ^k{g)mk and lastly vr = Ylu'^-^-k ■ ^ UiR"^) by setting 
■K{g) = Yl^TTm^ig)- It is still an embedding and verifies the fundamental property that 
r(7r((7)) = for all 5 7^ 1 and r(7r(l)) = 1, indeed for (7 / 1 

k(vr(g))| = lim^\Tk{-K{g)k)\ = limu;\Tk{Xk{g)mk)\ = ^^"i^kmfe(Afc(5)»nJ| < limu,2~^ = 

So the trace of '^{g) is exactly the trace of 5, viewed into the group von Neumann algebra 
(see Note [15]) . This means just that we can extend this embedding to VN{G) and find an 
identification between VN(G) and a subalgebra of R^ . □ 

The previous proof is quite technical and strongly depending on the hypothesis of 
countability of G. We can simplify and extend it to the uncountable case by using a 
concept of product between ultrafilters. This notion, together with Prop. [^ also allows to 
prove that the von Neumann algebra of the free group on a continuous family of generators 
yA'"(F^^) is embeddable into R^ . More applications of the product between ultrafilters 
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can be found in |Ca-Paj . 



In order to prove it, we recall the classical notion of tensor product between ultrafilters 
and we prove that (i?^)"^' ^ i?^®'^'. 

Definition 35. Let uj^uj' be two ultrafilters on N. We define 

5 G a; (g> 44> {fc € N : {n G N : (A;, n) € -B} G tj'} G w 

Theorem 36. 

Proof. Since operations are component-wise we don't have algebraic problem. We have 
only to prove that those factors have the same trace. So we have to prove that 

Let X = limk^^^limn^^^'X^. Fixed e > 0, we set 



and 



A = {A; G N : |/zm„^i^/x„ - x| < -} G a; 



Ak = {n£ n\xl - lirun^^^x'^l < -} £ uj' 



So 

B = {{k, n) en"^ : k £ A,n e Ak} C {{k, n) G : \x^ - x| < e} 
Since B ^ uj ® oj' the proof is complete. □ 

In the proof of Radulescu's theorem we have used the fact that a countable group is 
hyperlinear if and only if it embeds into U{R^). The only if part is no longer true for 
uncountable groups because they can be too big. So, the right way to extend Radulescu's 
theorem to the uncountable case is the following 

Corollary 37. For an i.c.c. group G, the following statements are equivalent 

1. G (not necessarily countable) embeds into U(R^). 

2. VN{G) is embeddable into . 
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Proof. Radulescu's proof of the implication 2. =^ 1. does not depend on the countabihty 
of G. Conversely, we can follow Radulescu's proof and define 9n- Then, we define 
e{g) = {0nig)}nm- It is an embedding into C/((i?'^)'^). By Th|36l one can look at 9 
as an embedding into U^R'^^^). Now T{9{g)) = li'm^T{6n{g)) = 0, whenever 5 7^ 1. □ 

Here is a nice application of the product between ultrafilters and of the construction 
of Propl22[ Let be the free group on a continuous family of generators. 

Corollary 38. VN{F-^^)is embeddable into . 

Proof. It is enough to prove that is embeddable into U{R^) and that such an 
embedding 6 preserves the trace, i.e. T{9(g)) = if 5 7^ 1 and t{9{1)) = 1. Since 
Foo (free group countably generated) is hyperlinear, we have a sequence {ti„} C U{R^) 
such that 

1. t(u„) = for all n G N 

2. T{u^Um) = for all n ^ m 

3. Un have no relations between themselves 

This sequence is simply the image of the generators of F^o into U (i?"^). Now, we apply the 
construction of the proof of PropJ221 By using ThjHUl we find a copy of F^^ into U{R^) 
such that the desired property on the trace is satisfied. □ 

Note 39. In this last note we want to describe briefly the actual situation of the research 
around hyperlinear groups. Indeed, in the hope that Connes' embedding conjecture is 
true, one can try to prove that any group is hyperlinear. This problem is still open, but 
there are some positive partial results. 

1. We recall the following 

Definition 40. A group is called residually finite if the intersection of all its normal 
subgroups of finite index is trivial. 

Clearly, finite groups are residually finite. A non-trivial example of residually finite 
groups is given by the free groups (|Sa]). Anyway 
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Every residually finite group is hyperlinear (see [Pe|, ex. 4.2) 

2. We recall the following 

Definition 41. A group G is called amenable if for any finite F C G and e > 0, 
there exists a finite ^ C. G such that for every g G F, 

\g^A^\ < e|$| Folner condition 

where A stands for the symmetric difference: AAB = (AU B) \ (A f] B). 

For instance, compact groups are amenable (One should use an equivalent definition 
of amenability, linked to the measure theory. Then amenability of compact groups 
follows from the finiteness of the Haar measure). 

Every amenable group is hyperlinear (see |Pej . ex. 4.4). 

Gromov introduced in [Grj the notion of initially subamenable groups: these are 
groups for which every finite subset can be multiplicatively embedded into an 
amenable group. By Propi29] (and its converse) it follows that hyper linearity is 
a local property. Thus, also initially subamenable groups are hyperlinear. 

The class of initially subamenable groups is the largest among those we have a result 
about hyper linearity (residually finite groups are initially subamenable (see the next 
proposition)). Thom has been the first who had found an example of hyperlinear group 
which is not initially subamenable (see [Th] ) . 

Let us conclude this section with the proof that every residually finite group is initially 
subamenable. This fact is well known but it seems to impossible to find references. 

Definition 42. A group is called initially subfinite if every finite subset can be 
multiplicatively embedded into a finite group. 

Since finite groups are amenable, it is enough to prove the following 
Proposition 43. Every residually finite group is initially subfinite. 
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Proof. Let G be a residually finite group and F C G be a finite subset. We set 
F = F U {xy,x,y G F U F^^}. So F is still finite. Now, for each x ^ F there exists 
a normal subgroup Gx ^ G with finite index not containing x (up to the case x = 1). Let 
H = f]^^-pGx- So n is the empty set or the identity. Moreover H is still a normal 
subgroup of G with finite index (since it is finite intersection of normal subgroups with 
finite index). Let vr : G — )• G/H the canonical projection. It remains to observe that 7r|-p 
is an embedding which preserves the multiplication from F into the finite group G/H. □ 

The converse of the previous proposition is false: in |Th] one can find an example of 
initially subfinite group which is not residually finite. 

4 The topological approach 

In this section we want to describe the topological approach by Haagerup and Winslow (see 
[Ha-Wil] and |Ha- Wi2] ) . Let H he a Hilbert space and vN{H) the set of von Neumann 
algebras acting on H, this topological approach is based on the definition of a topology on 
vN{H), named Effros-Marechal topology. Indeed they were the firsts who have introduced 
this topology and have studied its properties (see [Ej and |Maj ) : but merely Haagerup 
and Winslow, thirty years later, have argued the link between this topology and Connes' 
embedding conjecture. 

There are three different ways to describe the Effros-Marechal topology and one can find in 
[Ha-Wil] (th.2.8) the proof that these ways are truly equivalent. Here we shall give only 
the definitions and we shall describe some interesting properties without giving proofs. 
Here is the first definition 

Definition 44. The Effros-Marechal topology on vN(H) is the weakest topology such 
that for every (f) G B{H)^, the mapping 

vN{H) 3 M ^ \\<j)\M\\ 

is continuous. 

The second definition of the Effros-Marechal topology come from a more general 
definition by Effros (see |Ef 2] ) 



17 



Notation 45. Let X be a compact Hausdorff space, c{X) the set of closed subsets of X 
and uj{x) the set of the neighborhoods of a point x £ X. Let {Ca} ^ c{X) and 

lim Cg = {x £ X : \/U £ uj{x),U n Ca / eventually} 

TimCa = {x G X : VC/ G a;(x), [/ n Ca / frequently} 

Effros has proved that there is only a topology on c(X), whose convergence is described 
by the conditions 

Ca — )• C iff limCa = linriCq = C 

Since the unit ball Ball{M) of a von Neumann algebra M is weakly compact, one can use 
this notion of convergence in our setting. 

Definition 46. Let {Ma} C vN{H) be a net. The Effros-Marechal topology is described 
by the following notion of convergence: 

Ma^M iff JknBalliMa) = limBalUM„) = Ball{M) 

The third definition is by introducing a further notion of convergence in vN{H). First 
of all we need some definitions. 

Notation 47. Let x € B{H), so*{x) denotes the set of the neighborhoods of x with 
respect to the strong* topology. 

Definition 48. Let {Ma} C vN{H) be a net. We set 

liminfMa = {x e B{H) : \/U G so*{x), U D Ma ^ i/) eventually} 

By th. 2.6 in jHa-Wil] . liminfMa can be thought as the largest element in vN{H) 
whose unit ball is contained in lini Ball(Mn). This suggests to define limsupMa as 
the smallest element in vN(H) whose unit ball contains limBall{Ma), that is clearly 
[limBall{Ma))" . So we have quite naturally the following 

Definition 49. Let {Ma} C vN{H) be a net. We set 

limsupMa = {JimBall{Ma)y' 

Now here is the third description of the Effros-Marechal topology 
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Definition 50. The Effros-Marechal topology on vN{H) is described by the following 
notion of convergence: 

M iff liminfMa = limsupMa = M 

We recall that in |Ha-Wil] . th. 2.8, they have shown that these three definition of the 
Effros-Marechal topology are equivalent. 

Connes' embedding conjecture regards the behaviour of separable type Hi factors. So 
we are interested in the case in which H is separable. In this case it happens that the 
Effros-Marechal topology is metrizable, second countable and complete (i.e. vN(H) is a 
Polish space). Moreover, a possible distance is given by the Hausdorff distance between 
the unit balls: 

d(M, A^) = 'rnax{sup^(,Baii{M){infy(zBaii{N)d{x, y)}, sup^^Baii{N){infy<zBaii(M)d{x, y)}} 

where d is a metric on the unit ball of B[H) which induces the weak topology (remember 
that the weak topology on Ball{B{H)) is metrizable whenever H is separable). 
There are many interesting results about the Effros-Marechal topology in the case of 
separability of H. For example, the sets of factors of each of the types In^n G N, //i, //qo, 
III\,X E [0,1] are Borel subsets of vN{H) without being G^-sets, or many others (see 
|Ha-Wil] sections 4. and 5.). Anyway it is in the second paper |Ha-Wi2] that Haagerup and 
Winslow have begun studying density problems relative to the Effros-Marechal topology. 
What important subsets of vN{H) are dense? They have found a lot of interesting results 
and, above all, an equivalent condition to Connes' embedding conjecture. 

Remark 51. In the case in which H is separable and {Ma} = is a sequence, the 

definition of the Effros-Marechal topology may be simplified by using the third definition. 
In particular we have 

liminfMn = {x G B{H) : G JJm„ s. t. x„ -f''* x} 

Notation 52. 

9/^.^ is the set of type I finite factors acting on H 
Sj/ is the set of type I factors acting on H 
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^AFD is the set of approximately finite dimensional factors acting on H 

Qinj is the set of injective factors acting on H 

We recall that a von Neumann algebra M C B{H) is called injective if it is the range of 
a projection of norm 1. For example every type I von Neumann algebra is injective. 

Theorem 53. The following statements are equivalent: 

1. is dense in vN{H) 

2. 9/ is dense in vN{H) 

3- ^AFD is dense in vN{H) 

4- is dense in vN{H) 

5. Cannes' embedding conjecture is true 

Moreover, a separable type Hi factor M is embeddable into if and only if M € ''^inj ■ 

Proof. As '^ifi„ '^i Q '^AFD, the implications 1. =^ 2. =^ 3. are trivial. The implication 
3. =^ 1. follows from the fact that AFD factors contain an increasing chain of type 
factors, whose union is weakly dense and from the second definition of the Effros-Marechal 
topology (Def l46|) . The equivalence between 3. and 4. is a theorem by A. Connes ([Coj). 
The equivalence between 4. and 5. is the theorem by Haagerup and Winslow ( |Ha- Wi2] . 
Cor.5.9). 

Also the last sentence is proved in |Ha-Wi2] (see Th. 5.8). □ 

Now we want to give a sketch of Haagerup- Winslow's proof of a theorem by Kirchberg, 
which gives probably the most unexpected equivalent condition to Connes' embedding 
conjecture. Let us recall some concepts on the tensor product of C*-algebras. A complete 
introduction can be found in the forth chapter of the first book by Takesaki ( [Tal| ). 

Remark 54. The algebraic tensor product of two C*-algebras is a *algebra in a natural 
way, by setting 

(xi (g) X2)(yi ® 2/2) = X1X2 yiy2 

(xi (g X2)* = X^ (g) X2 
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Nevertheless it is not clear how one can define a norm to obtain a C*-algebra (Notice that 
the product of the norms is not in general a norm on the algebraic tensor product). 

Definition 55. Let Ai,A2 be two C*-algebras and A10A2 their algebraic tensor product. 
A norm || • ||^ on Ai(^ A2 is called C*-norm if the followings hold 

1- \\xy\\i3 < \\x\\fs\\y\\p, for all x,y e Ai (g) A2 
2. ||x*x||/3 = ||x||^, for all x e Ai(S> A2 

If II • 11/3 is a C*-norm on Ai <^ A2, Ai <Sii3 A2 stands for the completion of Ai <Si A2 with 
respect to || • ||/3. It is a C*-algebra. 

Unlucky there is no a unique C*-norm on Ai A2 in general, but one can construct 
by hands at least two of them. 

Definition 56. 

||x||maa; = snpl | |7r (x) 1 1 , TT * representation of the * algebra Ai A2} 

This norm is called projective or Turumaru's norm ( |Tuj ) . One can prove that this norm 
is a C*-norm and the completion of Ai A2 with respect to it is denoted by Ai 0max ^2- 

The projective norm has the following universal property (see [Tal], IV. 4. 7) 

Proposition 57. Given C* -algebras Ai,A2,B. If Hi : Ai ^ B are homomorphisms with 
commuting ranges, then there exists a unique homomorphism it : Ai 0max A2 ^ B such 
that 

1. 7r(xi (g) X2) = vri(xi)7r2(x2) 

2. Tt{Ai (g^axA2) = C*{tTi{Ai),^2{A2)) 

Definition 58. 

||x||min = 1 1 (ti"! ^S* ''r2) (x) | | , TTi representation of Ai,tt2 representation of A2} 

This norm is called injective or Guichardet's norm ( |Gu| ). One can prove that this norm 
is a C*-norm and the completion of Ai A2 with respect to it is denoted by Ai ®rnin ^2- 
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Remark 59. Clearly || • \ \min ^ II ■ Hmaxj since representations of the form vri ii2 are 
particular *representation of the algebraic tensor product Ai ® A2. These norms are 
different, in general, as Takesaki has shown in |Ta2j . More recently Junge and Pisier have 
shown, in [Ju-Pij . that B{f) 0rnin B{f ) 7^ B{f') ®rnax B{f ). Notation || • \ \max reflects 
the obvious fact that there are no C*-norm greater than that one. Notation || • ||mm has 
the same justification, but it is harder to prove: 

Theorem 60. (Takesaki, [Ta2] ) || 

■ 1 1 min is the smallest C*-norm among those on 

Ai(g)A2. 

Definition 61. Let G be a locally compact group. By using the Haar measure, one can 
consider L}{G). The universal C*-algebra of G is the envelopping C*-algebra of L^{G), 
i.e. the completion of L^{G) with respect to the norm ||/|| = stip7r|K(/)||) where vr runs 
over all non-degenerate *representation of L^{G) in a Hilbert space. This norm makes 
sense by virtue of the classical result: a *homomorphism of an involutive Banach algebra 
into a C*-algebra is contractive. 

Remark 62. Let Fqo the free group countably generated. It is a locally compact group 
with respect to the discrete topology, so we can consider its universal C*-algebra, C*(Foo). 
Foo can be canonically embedded into [/(C*(Foo))- Unitaries corresponding to such an 
embedding are called universal. 

Here is Kirchberg's theorem ([Kij). 
Theorem 63. The following statements are equivalent 

1. C*(Foo) ®rmn G*{¥^) = C* ^) ®^ax G*{¥^) 

2. Connes' embedding conjecture is true. 

Proof. By using Thj53]we can prove the following implications: 

L If is dense in vN{H), then C*(Foo) ®™„ G*{¥^) = C*{¥oo) ®max G*{¥^) 
2. If C7*(Foo) ®min C*(Foo) = C*(Foo) (^max C*(Foo), then is dense in vN{H). 
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(Proof of 1.) 

Let vr be a *representation of the algebraic tensor product C*(Foo) (E> C*(Foo) into B{H). 
Since C*(Foo) is separable, we can assume that H is separable. In this way 

A = 7r(C*(Foo)®Cl) 5 = 7r(Cl® C*(Foo)) 

belong into B{H), with H separable. Let {un} be the universal unitaries in C*(Foo). They 
are clearly a norm-total sequence. Let 

Vn = Tr{un (8) 1) G A Wn = vr(l (g) Un) € B 

Now, let M = A" £ vN{H). By hypothesis, there exists a sequence {F^} ^ $5/^-^ such 
that Fn —7- M. So ^ C A" = liminf Fn- Thus we have 

A C liminf Fn 

Moreover 

B(1A' = M' = {limsupFnY = liminf F^ 
by the commutant theorem (see |Ha-Wil] th. 3.5). Now we observe that 

{vn} ^ U{A) C U{liminfF„,) = limBall{F„.) n U{B{H)) 

where the equality follows from |Ha-Wil ] th.2.6. Let w{x) and s*{x) respectively the 
families of weakly and strong* open neighborhoods of an element x G B{H). We have 
just proved that for every n G N and W G w{vn), one has W n Ball{Fn) n U{B{H)) / 
eventually. Now let S G s*(n„). By |Ha-Wilj Lemma 2.4, there exists W G w{vn) such 
that Wr\Ball{Fm) n U{B{H)) C Sr\Ball{Fm) n U{B{H)). Now, since the first set must 
be eventually non empty, also the second one must be the same. This means that we can 
approximate (in the strong* topology) Vn with elements in U{Fm). So let {fj,n}j ^ Fn such 
that Vi^n — Vi- In a similar way we can find unitaries Wi^n in F^ such that Wi^n Wi- 
llow let n be fixed, 7ri^„ a representation of C*(Foo) which maps Ui in f^^ri and T^2^n 
a representation of C*(Foo) which maps Ui in wi^n- We can find these representation 
because the u'nS have no relations among themselves and because any representation of G 
extends to a representation of C*{G). Notice now that the ranges of these representations 
commute, since Vn £ A and Wn G B, and A,B commute. Moreover, the image of ni^n 
belongs into C*{Fn) and the image of ■K2,n belongs into C*{F^). So, by the universal 
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property in Prop. [S71 there are unique representations 7r„ of C*(Foo) CSmax C*{¥oo) such 
that 

TTniui (g) 1) = Vi^n and 7r„(l (g) Ui) = Wi^n i, n G N 

whose image is into C*{Fn,F^). Now, since Fn are finite type / factors, one has 
C* {Fn, F!^) = Fn ®min F^ and thus TTn spHts: 7r„ = (T„ (8) Pn, for some (Jn, Pn representation 
of C*(Foo) in C*{Fn,F!^). Consequently ||7r„(2;)|| < for ah n G N and x G 

C*(Foo) ® C*(Foo)- On the other hand the sequence {7r„} converges to vr in a strong* 
pointwise sense (because {un} is total). Therefore 

||7r(x)|| < /imm/||7r„(x)|| < ||x|U,„ £ C*{¥^) ® C*{¥^) 

Since vr is arbitrary, it follows that < ||x||mm and the proof of the first implication 

is complete. 

Notice that we had to work with the strong* topology in order to use the inequality 
||7r(x)|| < liminf\\TTn{x)\\ which fails in case of weak convergence. 

In order to prove 2. we need two preliminary results 

Lemma 64. (Haagerup-Winslow, [Ha-Wi2] Lemma 4.3) Let A he a unital C*- 
algebra and \, p representation of A in B{H). Assume p is faithful and satisfies p ~ 
p® p® .... Then there exists a sequence {un} ^ U{B(H)) such that 

Unp{x)Un — s-** y^{x) yx £ A 

Theorem 65. (Choi, [Chj th.7) Let ¥2 be the free group with two generators. Then 
C*(F2) has a separating family of finite dimensional representations. 

(Proof of 2.) 

By using Choi's theorem and the classical embedding of Fqo into F2, we can find a sequence 
(T„ of finite dimensional representations of C*(Foo) such that a = ai ® cr2 ® ... is faithful. 
Replacing a with the direct sum infinitely many times of itself, we may assume that 
a ~ a ® a ® .... Moreover, by [Tal| IV.4.9, p = a ® a is a faithful representation 
of C*(Foo) ®min C*{¥oo) (bccausc p is factorizable) . This representation still satisfies 
/? ~ p® p® .... Furthermore, since it is direct sum of finite dimensional representations, it 
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is separable and thus we may assume that its image is into B{H), with H separable. 
Now, given M G vN{H), let {vn},{wn} be strong* dense sequences of unitaries in 
Ball(AI) and Ball{M'), respectively. Let {z„} be the universal unitaries representing Fqo 
in C*(Foo). Now, by hypothesis and by using PropiSTl we have a unique representation A 

of C*(Foo) «>™n C*(Foo) such that 

\{zn ®l) = Vn and A(l ® Zn) = Wn Vn G N 

Let us now observe that M = A(C*(Foo) (8) CI)", since {vn\ is dense in Ball{M). Now, by 
lemma [Ml we have unitaries n„ E U{B{H)) such that 

Unp{x)ul A(x) VX G C*(Foo) C^rmn C*(Foo) 

Define 

Mn =Unp{C*(¥^)® CI)" U*^ 

then 

So we have (by using RemlST]) 

A(C*(Foo) ® CI) = liminfunp{C*{¥oo) ® ClX C liminfMn 
In a similar way, we obtain 

A(C1 C*(Foo)) C liminfM^ 

Now, by |Ha-Wil] th.2.3, liminf Ma is always a von Neumann algebra, and thus the 
previous inclusions hold by passing to the strong closure: 

M = A(C*(Foo) ® CI)" C liminfMn 

and 

M' = A(C1 ® C*(Foo))" C liminf M'^ 

Now, applying the commutant theorem {liminf Ma)' = limsupM'a (see |Ha-Wil] . th.3.5), 
we have M„ — )■ M. Now, we observe that /? is a type / representation, since it is direct 
sum of finite dimensional representations, and thus M„ G vNi{H). Thus we have just 
proved that vNi[H) is dense in vN{H). In particular vNinj{H) is dense in vN{H). Now 
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it has been already proved by Haagerup and Winslow that vNinj and (factors into 

B[H)) are Gs and '^{H) is dense. On the other hand, vN{H) is a Polish space and hence 
a Baire's space. So, also the intersection vNinj{H) n Q{H) = Qinj{H) must be dense. □ 

Notice that in the proof of 2. we have used the hypothesis only to apply Prop 1571 We 
need it to have A and p defined on the same C*-algebra and so apply Lemma [Ml 

Note 66. One can ask what groups G satisfy Kirchberg's property 

C*{G) ®^in C\G) = C*{G) (g)max C* (G) 

or the reduced Kirchberg's property 

yy-max 

c;{G) 

where G*{G) is the reduced C*-algebra of G, i.e. the C*-algebra generated by the image 
of the left regular representation on /^(G). Let us denote by K and Kj- respectively the 
classes of group which satisfy Kirchberg's property and reduced Kirchberg's property. It 
follows from a more general result by Conti and Hamhalter (see |Co-Ha) ) that 

Kr n {i.c.c. groups} = {amenable groups} 

What can we say about K? Are there any non-amenable examples? 

5 Lance's WEP and QWEP conjecture 

Kirchberg's theorem E31 shows an interesting and unexpected link between von Neumann 
algebras and G*-algebras. Kirghberg himself, in [Kij again, has found another interesting 
link between them; more precisely: Connes' embedding conjecture is a particular case of 
a conjecture regarding the structure of G*-algebras: QWEP conjecture. We remind the 
reader that a G*-algebra is QWEP if it is a quozient of a G*-algebra with Lance's WEP. 
So it is natural to ask if there is a direct relation between Connes' embedding conjecture 
and WEP. N.P. Brown has found in |Brj that Connes' embedding conjecture is equivalent 
to the analogue of Lance's WEP for separable type Hi factors. 
In order to give some details about this let us firstly recall the following 
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Definition 67. Let A, B be C*-algebras and (j) : A ^ B a linear map. For every n G N 
we can define a map (pn ■ Mn{A) — )• Mn{B) by setting 

4>n[aij] = [<P{aij)] 
(j) is called completely positive if (pn is positive for every n. 

Note 68. Any *homomorphism between two C*-algebras is automatically c.p. Indeed it 
is clearly positive. On the other hand (f>n can be described as (/) (g) Idn and thus it is still 
a *homomorphism, since tensor product of *homomorphisms is still a *homomorphism. 

Definition 69. Let A Q B he two C*-algebras. We say that A is weakly cp complemented 
in B if there exists a unital completely positive map (p : B ^ A** such that </>|^ = Id^- 

Definition 70. We say that a C*-algebra A has the WEP (weak expectation property) 
if it is weakly cp complemented in B{H) for a faithful representation A C B{H). 

This property is been introduced by Lance in |Laj . where he proved also that this 
definition does not depend on the choice of the faithful representation of A. 

Definition 71. We say that A has QWEP if it is a quotient of a C*-algebra with WEP. 

Here is QWEP conjecture, regarding the structure of a C*-algebra. 
Conjecture 72. (QWEP conjecture) Every C*-algebra is QWEP. 

The unexpected theorem by Kirghberg is 
Theorem 73. (Kirchberg) The following statements are equivalent 

1. Connes' embedding conjecture is true. 

2. QWEP conjecture is true for separable von Neumann algebras. 

A proof of this theorem can be found in the original paper by Kirchberg |Kij or also in 
[Uzj . Now we prefer to focus on an easier and equally interesting topic: the von Neumann 
algebraic analogue of Lance's WEP and the proof of Brown's theorem. What follows is 
just a rewriting of Brown's paper [Br| . 
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Definition 74. Let M C B[H) a von Neumann algebra and A C M a weakly dense 
C*-subalgebra. We say that M has a weak expectation relative to A if there exists a u.c.p. 
map <I> : B{H) M such that <l>(a) = a, for all a G A. 

Note 75. The notion of injectivity for von Neumann algebras can be given also in the 
following way: M C B{H) is injective if there exists a u.c.p. map <I> : B[H) — )• M such 
that ^{x) = X, for all x G M. So weak expectation relative property is something less 
than injectivity. Actually something more precise holds: Brown's theorem can be read by 
saying that weak expectation relative property is the limit property of injectivity. We can 
clarify this interpretation after enunciating the following 

Theorem 76. (Brown, [Brj Th.1.2) For a separable type Hi factor M the following 
conditions are equivalent: 

1. M is emheddahle into . 

2. M has a weak expectation relative to some weakly dense subalgebra. 

We can now clarify the interpretation of the weak expectation relative property as 
limit of injectivity. 

Corollary 77. For a separable type Hi factor the following conditions are equivalent: 

1. M has a weak expectation relative property. 

2. M is Effros-Marechal limit of infective factors. 

Proof. It is an obvious consequence of ThlTH] and ThjSSl □ 

Our purpose is to present the original proof of Thl761 We need some preliminary 
result. 

For the rest of the chapter let ^ be a separable C*-algebra. This hypothesis is not 
necessary, but it is convenient. 

Definition 78. A tracial state on A is map r : Aj^ — )• [0, oo] such that 
1. r(x + y) = r(x) + r(7/), for all X, y e ^+ 
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2. t{\x) = Xt{x), for all A > 0,x G A+ 

3. t{x*x) = t{xx*) for all x £ A 

4. t(1) = 1 

It clearly extends to a positive functional on the whole A. 

Definition 79. A tracial state r on ^4 C B{H) is called invariant mean if there exists a 
state ip on B{H) such that 

1. ^l){uTu*) = i/j{T), for all u G ;7(^) and T G 

2. = r 

Note 80. A consequence of ThJHH is that the notion of invariant mean does not depend 
on the choice of the faithful representation A C B{H). 

In order to prove Brown's theorem we need a characterization of invariant means. 
We recall the following well-known 

Theorem 81. (Powers-St0rmer inequality, |Po-St] ) Let h,k € L^{B{H))+. Then 

\\h-k\\l < \\h^ - k^Wi 

where stands for the U norm on L^{B{H)) with respect to the canonical unbounded 

trace Tr. In particular, if u ^ U{B{H)) and h>0 has finite rank, then 

||«/,l/2 _ /,1/2^||2 = \\uh'/^u* - h^/% < \\uhu* - /ill}/' 

Lemma 82. Let H be a separable Hilbert space and h G B{H) a positive, finite rank 
operator with rational eigenvalues and Tr{h) = 1. Then there exists a u.c.p. map 
^■.B{H)^ Mg{C) such that 

1. tr{^{T)) = Tr{hT), for all T G B{H) 

2. \tr{^{uu*) - ^{u)^{u*))\ < 2\\uhu* - h\\l^^ , for all u G U{B{H)) 
Here tr stands for the normalized trace on Mq{C). 
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Proof. Let vi,...Vk £ H he the eigenvectors of H and the corresponding 

eigenvalues. Thus 

1. hVi = f 

2- Ei=i 7 = *^(^) = 1- It follows that J2Pi = <l 
Let {wm} be any orthonormal basis for H. Consider the orthogonal subset oi H ® H: 

B = {Vl® Wl,...Vl ®Vp^}\J {V2 ® Wl, ...V2 (8) U^pj} U •■• U {Vk (g) Wl, ...Vk (g) ■IWpj^} 

Let V be the subspace of H <Ei H spanned by B and P : H ® H ^ V the orthogonal 
projection. Let T G B{H), the following formula holds 

rr(P(r ® 1)P) = < r?;i, Vi > 

i=l 

Indeed P(T fS> 1)P is representable (in the basis B) hy a q x q block diagonal matrix 
whose blocks have dimension pi with entries ETE, where E : H ^ span{vi, ...Vk} is the 
projection. Now define <^ : B{H) Mg{C) by setting $(r) = P(T (g) l)P. We have 

tr($(r)) = -Tr{P{T ® 1)P) = ^< T^Vi,Vi >= ^ < Thvi,Vi >= Tr{Th) 
^ i=i ^ i=i 

Moreover $ is u.c.p. So the first assertion is proved. 

Now, by writing down the matrix of P{T (g) 1)P{T* (g 1)P in the basis B we have 

k 

Tr{P{T^l)P(T* (g 1)P) = \Ti,j\''min{pi,pj) 

where Tjj =< Tvj,Vi >. Analogously, by writing down the matrices of h}/'^T,Th}/'^ and 
h}l'^Th}/'^T* in any orthonormal basis which begins with {vi, ...Vk\ we have 



k 

Trih^WT*) = J2 -{PiPj)'^'\Ti,j\ 



-KPiPj) ■ l-^i/^ 

By using these formulas, we can make the following preliminary calculation 
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^{PiPj)'/'mj\' - -Tr{P{T(^l)P{T* ® 1)P)\ 
k ^ 



k 



q 

by using min{pi,pj) < pi 

<i:'-\T,AW-pi''\< 

by using the Holder inequality 

< (E lm'p^)'^\j: -\T.^\pr-vT)fi^ = 

i,j=l ^ i,j=l ^ 

= \ \Th^/%\\h^/^T-Th^/% = 
suppose now that T e U{B{H)), so that \\Th^/'^\\2 = H^i^/^lb = 1 

= Wh^/'^T - = \\Th^/'^T* - < 

by using the Powers-St0rmer inequality 

< \\ThT* -Twy^ 

Now we can prove the second assertion. Indeed we have 

\Tr{^{TT*) - $(r)$(r*))| < 

by using the triangle inequality and the previous calculation 

|1 - Tr{h^/^Th^/^T*)\ + \\ThT* - = 

= \Tr{ThT*) - Tr{h^/^Th^/^T*)\ + \\ThT* - hW^^ = 
= \Tr{{Th}''^ - h}''^T)h^/^T*)\ + \\ThT* - < 
by using the Cauchy-Schwarz inequality 

< \\h^'^T*\\2\\Th^l^ - h^l^T\\2 + \\ThT* - h\\\''^ 

So the assertion follows by using T G U{B{H)),Tr{h) = 1 and by applying the Powers- 
St0rmer inequality once more. □ 
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We recall a classical theorem by Choi 

Theorem 83. (Choi, [Ch2]) Let A,B be two C* -algebras and ^ : A ^ B a u.c.p. map. 

Then 

{aeA: $(aa*) = ^{a)^{a*),^{a*a) = «>(a*)$(a)} = 
= {aeA: $(a6) = ^{a)^{b),<^{ba) = $(6)$(a),V6 E A} 

Here is the characterization of invariant means. Other ways to characterize them are 
in [Br2] . Th.3.1, and in [Oi], Th. 6.1. 

Theorem 84. Let t be a tracial state on A CI B{H). Then the foUowings are equivalent: 

1. T is an invariant mean. 

2. There exists a sequence of u.c.p. maps : ^ — M^(„)(C) such that 

(a) \\^n{ab) - ^n{a)^n{h)\\2 for all a,b £ A 

(b) T{a) = limn^oo'tr{^n{0')) , for all a £ A 

3. For any faithful representation p : A ^ B{H) there exists a u.c.p. map ^ : B{H) — J- 
Tir{A)" such that ^{p{a)) = TTr{a), for all a £ A, where vr^ stands for the GNS 
representation associated to r. 

Proof (1^2) 

Let T be an invariant mean with respect to the faithful representation p : A ^ B[H). 
Thus we can find a state tp on B{H) which extends r and such that ^{uTu*) = '4>{u), 
for all u G U{A) and for all T G B[H). Since the normal states are dense in B{H) 
and they are represented in the form Tr{h-), with h £ L^{B{H)), we can find a net 
hx £ L^{B{H)) such that Tr{h\T) — )• ^(T), for all T £ B{H). Moreover we remind 
that h\ is positive and has trace 1. Now, since ip{uTu*) = ip{u), it follows that 
Tr{uhxu*T) = Tr{hxu*Tu) '4){u*Tu) = V'(T) and thus TrQixT) - Tr{{uhxu*)T) 0, 
for ah T £ B{H), i.e. hx — uhxu* — > in the weak topology on L^{B{H)). Now let 
{[/„} be an increasing family of finite sets of unitaries whose union have dense linear 
span in A and ^ = }{■ Let ?7„ = {ui,...n„}. Fixed n, let us consider the convex 
hull of the set {uihxu\ — hx, ...Unhxu*^ — hx}. Its weak closure contains (because of 
the previous observation) and coincide with the 1-norm closure, by the Hahn-Banach 
separation theorem. Thus there exists a convex combination of /ia's, say h, such that 
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1. Tr{h) = 1 

2. \\uhu* - h\\i < e,Vn G C/„ 

3. \Tr{uh) - r(n)| < e, Vu € 

Moreover, since finite rank operators are norm dense in L^(B{H)), we can suppose that h 
is finite rank with rational eigenvalues. Now we can apply Lemma [82] in order to construct 
a sequence of u.c.p. maps : B{H) — )• M/j(„)(C) such that 

1. Tr{^n{u)) t{u) 

2. \Tr{^n{uU*)) - ^n{u)^n{u*)\ ^ 

for every unitary in a countable set whose linear span is dense in A. So we have obtained 
the thesis for unitaries. The second property holds for any a G A, by passing to linear 
combinations. In order to obtain the first one, we observe that (uu* ) — <l>„(u*) > 
and thus the following inequality holds 

111 - ^n{u)^n{u*)\\l < 111 - ^n{u)^n{u*)\\tr{<^n{uu*) - ^n{u)^n{u*)) 

and the right hand side tends to zero. Now define <1> = ©<!>„ : A nMfc(„)(C) C and 
compose with the quotient map p : — t- R^. The previous inequality shows that if u is 
a unitary such that \\^n{uu*) - ^n{u)^n{u*)\\2 and ||<I>„(u*u) - ^n{u*)^n{u)\\2 0, 
then u falls in the multiplicative domain of po<I>. But such unitaries have dense linear span 
in A and hence the whole A falls in the multiplicative domain of po <1> (by Choi's theorem 
[83]) . By definition of ultraproduct this just means that ||<&n(ab) — *l'n(a)^n(^)||2 0, for 
all aG A. 

(2^3) 

Let : j4 — )• M^(„)(C) be a sequence of u.c.p. maps with the properties stated in the 
theorem. Identify each Mfc(„)(C) with a unital subfactor of R and we can define a u.c.p 
map ^ : A ^ l'^{R) by x — )• (<I>„(x))n. Since the are asymptotically multiplicative in 
2-norm one get a r-preserving *homomorphism A — )• R^ by composing with the quotient 
map p : 1°°{R) — )• R'^. Note that the weak closure of p o ^(A) into R^ is isomorphic to 
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iTt-{A)" . Thus we are in the following situation 



p 

B{H) 



2 po^{A) ^-KriA)" 



B{K) 

where X is a representing Hilbert space for 1°°{R) and i is a natural embedding {K cannot 
be separable). Now 1°°{R) is injective and let E : B{K) — t- 1°°{R) a surjective projection of 
norm 1. Moreover let F : R^ — )• irriA)" a conditional expectation (see [Tal] . Prop. 2. 36). 
Thus we are in the following situation 



A ^/°°(i?) — i?- 




■ TTriA)" ^ p O ^{A) 



B{H) 



B{K) 



Define $ : B{H) 7r^(A)" by setting $ = FpEi. Clearly ^{p{a)) = 7r^(a) 



(3^1) 

The hypothesis $(a) = vr^(a) guarantees that 4> is multiplicative on A. By Choi's theorem 
[83] it follows that ^{aTh) = 7r^(a)$(r)7r^(5), for all a,h ^ A,T ^ B{H). Let r" be the 
vector trace on tTt-{A)" and consider t" o Clearly it extends r. Moreover it is invariant 
under the action of U (A) , indeed 



(r" o ^){u*Tu) = r"(7r^('u)*^>(r)7r,(n)) = r"($(r)) = (r" o $)(r) 



Hence r is an invariant mean. 



□ 



Another preliminary but very nice result is the following 

Proposition 85. Let M be a separable type Hi factor. There exists a *-monomorphism 
p : C*(Foo) — ^ M such that p(C*(Foo)) is weakly dense in M. 



34 



Proof. We first observe that C*(Foo) is inductive limit of free products of itself. It can be 
imagined by partitioning the set of generators in a sequence of countable set (one can do 
it because |N| = |NxN|). Let such a sequence. Define An = C*{Xi, Clearly 

one has An = An-i*C*{Xn), where * stands for the free product with amalgamation over 
the scalar. Moreover C*(X„) ^ C*(Foo), and then An = * C*(Foo). Now let A be 

the inductive limit of the A'^s. Clearly A = [jAn = C*{Xi,X2, ...) = C*(Foo). Now, by 
Choi's theorem 1651 we can find a sequence of integers {k(n)} and a unital *-monomorphism 
a : A ^ nM;j(„)(C). Note that we may naturally identify each Ai with a subalgebra of A 
and hence, restricting a to this copy, get an injection of Ai into nM^,(„)(C). Now we can 
prove the existence of a sequence of unital *homomorphism pi : Ai ^ M such that 

1. Each Pi is injective; 

2. = Pi where we identify Ai with the "left side" of Ai * C*{¥oo) = ^i+i; 

3. The union of {pi{Ai)} is weakly dense in M. 

After finding the p[s, it will be enough to define p as union of those ones. 

We first choose an increasing sequence of projections of M such that TM{pi) 1- 

Then WG d-Gfinc ttiG orttiogoiicLl projections (in 

= Pn - Pn-i and consider the type IIi 
factors Qi = qiMqi. Now, by the division property of type Hi factors, we can find a 
unital embedding nMfc(„) Qi ^ M. By composing with a, we get a sequence of 
embeddings A — )• Af, which will be denoted by cij. Now piMpi is weakly separable and 
thus there is a countable total family of unitaries. Hence we can find a *homomorphism 
TTj : C*(Foo) — )• PiMpi with weakly dense range (take the generators of Fqo into C*(Foo) 
and map them into that total family of unitaries). Now we define 

pi = vri e (0(TjUJ : Ai ^ piMpi © {Iij>2Qj) C M 

It is a *monomorphism, since each ai is already faithful on the whole A. Now define 
a *homomorphism 62 : A2 = Ai * C*(Foo) P2MP2 as the free product of the 
*homomorphism Ai —5- p2Mp2, x — >• P2Pi{x)p2, and 7r2 : C*(Foo) — P2Mp2. We then 
put 

Pi =02® (0 (JjU,) : A2 P2MP2 © (nj>3Qj) C M 

i>3 
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Clearly /92U1 — Pi- general, we construct a map 9n+i '■ An * C*(Foo) — >■ Pn+iMpn+i as 
the free product of the cutdown (by Pn+i) of p„ and 7r„,. This map need not be injective 
and hence we take a direct sum with ®j>n+2<7jU„+i to remedy this deficiency. These maps 
have all the required properties and hence the proof is complete (note that the last property 
follows from the fact that the range of each 9n is weakly dense in pn+iMpn+i)- □ 

Now we can prove Brown's theorem 

Theorem 86. (Brown) Let M be a separable type Hi factor. The followings are 
equivalent: 

1. M is embeddable into . 

2. M has the weak expectation property relative to some weakly dense subalgebra. 
Proof. (1^2) 

Let M be embeddable into . By Prop l85l we may identify C*(Foo) with a weakly dense 
subalgebra A of M. We want to prove that M has the weak expectation property relative 
to A. Let r the unique normalized trace on M, more precisely we will prove that 7rT-(M) has 
the weak expectation property relative to TiriA). Indeed r is faithful and w-continuous and 
hence Hr{M) and Tir{A) are respectively copies of M and A and UriA) is still weak dense 
in tTt-{M). We first prove that t\a is an invariant mean. Take {un} universal generators 
of Foo into A. Let n be fixed, since u„ G R^ it is || • ||2-limit of unitaries in R\ on the 
other hand, the unitary matrices are weakly dense in U{R) and hence they are || • ||2-dense 
in U{R) (since w-closed convex subsets coincide with the || • ||2-closed convex ones (see 
[Jo])). Thus we can find a sequence of unitary matrices which converges to u„ in norm 
II • II2. Let a be the mapping which sends each u„ to such a sequence. Since the n„'s have 
no relations, we can extend a to a *homomorphism a : C*{¥oo) — >■ nMfc(C) C /°°(i?). 
Let p : 1°°{R) — )• R^ be the quotient mapping. By the 2-norm convergence we have 
{po (t)(x) = X for all x £ C*(Foo). Let p„ : nMfc(C) M„(C) be the projection, by the 
definition of trace in R'^ , we have 

r(x) = limn^ujtrn{Pn{(y{x))) 

where tr^ is the normalized trace on iVf„(C). Now we can applv [8^ 2) by setting = Pn°<y 
(they are u.c.p. since they are *homomorphisms) and conclude that t\a is an invariant 
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mean. Now consider 7r^(Af) C B{H) and TTr{A) = 7r^|^(A) C B{H). By ThlMl there 
exists a u.c.p. map $ : B{H) — > TTr{A)" = 7rr{M) such that <I>(a) = 7rT-(a). Thus M has 
the weak expectation property relative to C*(Foo)- 

(2^1) 

Let A C M C B{H) be weakly dense and <I> : B{H) — )■ M a u.c.p. map which fixes A. 
Let r be the unique normalized trace on M. After identifying A with 7r^(^), we are under 
the hypothesis of[83l3) and thus t\a is an invariant mean. By ThlHUit follows that there 
exists a sequence ipn '■ A ^ ^k(n) (C) such that 

L {{(pniab) - 0„(a)</>„(6)||2 ^ for all a,b£ A 
2. T(a) = limn-tooti'n{(t>n{o)) , for all a G ^ 

Let p : 1°°{R) — )■ be the quotient mapping. The previous properties guarantee that the 
u.c.p. mapping A — )■ R^, <I> : x — )• p({(/>„(x)}) is a *homomorphism which preserves t\a- It 
follows it mapping is injective too, since <l>(x) = =^ ^{x*x) = =^ t(x*x) = =^ x*x = 
=^ x = 0. Observe now that the weak closure of A into R'^ is isomorphic to M (they are 
algebraically isomorphic and have the same trace) and hence M embeds into R^ . □ 

6 A few words about other approaches 
6.1 Relation with Hilbert's 17th problem 

The original version of Hilbert's 17th problem is very simple. Let us recall that ]R[xi, x^] 
denotes the ring of polynomials with n indeterminates and real coefficients and M(xi , . . . , x„ ) 
denotes the quotient field of M[xi, 

Problem 87. (Hilbert's 17th) Given a polynomial / G ]R[xi, which is non- 
negative for all substitutions (xi, ...,x„) G M". Is it possible to write / as sum of squares 
of elements in ]R(xi, ...,x„)? 

The affirmative answer was given by Emil Artin, in 1927 (see [Ar] ) . He gave a 
very abstract solution. Actually, now we have also an algorithm to construct such a 
decomposition. It has been recently found by Delzell (see |Dej ). 
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More recently, many mathematicians have looked for generalizations of the problem. The 
first and most intuitive one is the following 

Problem 88. Are the matrices with entries in which are always positive 

semidefinite (i.e. for all substitutions {xi, ...,Xn) € IK") sum of squares of symmetric 
matrices with entries in M(xi, 

Also in this case an affirmative answer was given independently by Gondard-Ribenoim 
(see [Go-Rij ) and Procesi-Schacher (see |Pr-Scj ). Also in this case, for a constructive 
solution one had to wait for thirty years: it has been just found by Hillar and Nie in 2006 
(see [HTNI] ). 

Other generalizations come from Geometry and Operator Algebras. Let us recall the 
following 

Definition 89. An n-manifold M is called irreducible if for any embedding of S^~^ into 
M there exists an embedding of i?" into Af such that the image of the boundary dB^ 
coincides with the image of S^~^. 

Problem 90. (Geometric version) Let M be a paracompact irreducible analytic 
manifold and / : M — )• M a non-negative analytic function. Can / be written as a 
sum of squares of meromorphic functions? 

We recall that meromorphic functions are analytic functions in the whole domain 
except a set of isolates points which are poles. So, rational functions are meromorphic and 
one can recognize a generalization of Hilbert's 17th problem. 

This problem was solved by Ruiz (see |Ru| ) in the case of compact manifold. In the 
generale case there are lots of approaches in course, but a complete solution is known only 
for n = 2 (see [CaJ). 

Now we want to describe briefly the formulation of the problem in terms of Operator 
Algebras. It is due to Radulescu, who proved in |Ra2j the equivalence between it and 
Connes' embedding conjecture. 

The basic idea is to generalize analytic functions with formal series. Let Yi, ...,Yn be n 
inderminates. We set 

In = {{k, ■■■,ip},P e N,zi, ...,ip e {1, 
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If / = {ii,...,ip} G In, we set Yj = Yi^ ■ ... • 1^^. Let 

V = {Y1 ai£C,\\Y, aiYiWR = ^ < oo, Vi? > 0} 

So, for any R > 0, we have a norm on V. Radulescu proved, in [Ra2j Prop. 2.1, that the 
norms || • define a structure of Frechet space on V, i.e. locally convex space, metrizable 
(with a metric invariant by translations) and complete. In this case V* is separating for 
V and thus we can consider the cr{V, y*)-topology on V. 

Now we want to generalize the notion of " square" and " sum of squares" . Starting from 
the classical theory, in which the squares are elements of the form a* a, the first step is to 
define an adjoint operation on V. 

Definition 91. We set (Yi-^ ■ ... • Y^p)* = Yi^ ■ ... • Yi, and a* = a for the coefficients. We 
can extend this mapping by linearity to an adjoint operation on V. 

Now, observing that series are too general to obtain in a finite number of steps, we 
have quite naturally the following 

Definition 92. We say that q G V is sum of squares if it is in the weak closure of the set 
of the elements of the form Y2p*P^ p G V. 

Now we observe that the formulation of Hilbert's 17th problem with matrices regards 
matrices whose entries are REAL polynomial, the geometric formulation regards analytic 
functions with REAL values. So, recalling that REAL in operator algebras becomes SELF- 
ADJOINT, we have that our natural setting to generalize Hilbert's 17th problem is not 
V, but Vsa = {v eV : V* = v}. 

It remains only to generalize the notion of positivity. 

Definition 93. Let p G Vsa- We say that p is positive semidefinite if for every N £N and 
for every Xi, ...,Xn G Miy{C), one has 

tripiXi,...,Xn))>0 
will denote the set of positive semidefinite elements of Vsa- 

In order to arrive to the generalization of Hilbert's 17th problem we have to do a last 
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Remark 94. In the case of polynomials in M[yi, ...,y„], we have Yj — Yj = 0, for any 
permutation / of /. In our non-commutative case, we cannot have this equality and thus 
we have to identify elements which differ by permutation. A way to do this identification 
is given by the following 

Definition 95. Two elements p,q £ are called cyclic equivalent if p — g is weak limit of 
sums of scalars multiples of monomials of the form Yj — Yj, where / is a cyclic permutation 
of /. 

In this way, we have the following 

Problem 96. (Operator Algebra version) Is every element in V^^ cyclic equivalent to 
a sum of squares? 

Here is the beautiful and unexpected theorem by Radulescu. 
Theorem 97. (Radulescu, [Ra2j Cor. 1.2) The following statements are equivalent 

1. Connes' embedding conjecture is true. 

2. Operator algebra version of Hilbert's 17th problem has affirmative answer. 

Following Radulescu some authors have began an approach to Connes' embedding 
problem via sums of hermitian squares. In this last page we want to describe briefly the 
main result of Klep-Schweighofer's work (see [Kl-Sc] and also |Ju-Po] for a development). 

Let K be the real or the complex field and V = K[Yi, ...,Yn]. So, the first difference 
between this approach and Radulescu's one is that Klep and Schweighofer work with 
polynomial and Radulescu works with formal series. Other differences are given by the 
choice of the adjoint operation and the cyclic equivalence. More precisely, they take 
the identity operation (on the inderminates) as adjoint operation and the following as 
equivalence 

Definition 98. p,q £ V are called equivalent ii p — q is sum of commutators. We write 
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Once again this equivalence relation is clearly trivial in the commutative case. 

On the other hand, the notion of positivity introduced by Klep and Schweighofer is a 
little less strong 

Definition 99. f £ V is called positive semidefinite if for any s £ N and for any 

contractions Ai,...An G Ms(M) one has 

tr{f{Ai,...,An))>0 
The set of positive semidefinite element will be denoted by V^. 

Now we give the definition of quadratic module, which is the major diff'erence with 
Radulescu's formulation. 

Definition 100. A subset M C Vsa is called quadratic module if the followings hold 

1. 1 e M 

2. M + M QM 

3. p*Mp C M, for ah peV. 

The quadratic module generated in V by the elements 1 — Xf, 1 — will be denoted 
byQ. 

Theorem 101. (Klep-Schweighofer) The following statements are equivalent 

1. Connes' embedding conjecture is true. 

2. The following Radulescu's type implication holds 

feV+ ye>0,3qeQ s.t. f + er^q 

6.2 Voiculescu's entropy 

In order to show the relation between Connes' embedding conjecture and Voiculescu's free 
entropy, we have to recall briefiy Voiculescu's definition. References for this part are the 
preliminary sections of the papers by Voiculescu |Vol] and |Vo2] . A motivation for these 
definitions can be found in |Vo3j . 
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Note 102. We recall a construction of the entropy of a random variable which outcomes 
the set {1, ...n} with probabilities pi, ...pn- The microstates are the set 

{l,...n}^ = {/:{l,...iV}^{l,...n}} 

The set of microstates which e-approximate the discrete distribution p\, ...pn is 
r(pi, AT, £) = {/€ {1, ...n}^ : |^^^ - Pi\ < e = 1, ...n} 

where is the number of elements in the counter-image. Now, one takes the limit 

of 

N-Hg\T{pi,...pn,N,e)\ 

as N ^ oo and then lets e go to zero. Thus we obtain the classical formula ^Pilgpi for 
the entropy. 

Voiculescu has generalized this construction to the non-commutative setting of von 
Neumann algebras. 

Notation 103. (Lebesgue measure instead of the discrete one) Let A; be a positive 
integer and (Mfe(C)sa)" the set of n-tuples of self-adjoint k x k complex matrices. Let A 
be the Lebesgue measure on (Mfc(C)sa)" corresponding to the Euclidean norm 

\\{A^,...,Ar.)\\ls = Tr{Al + ... + Al) 

where Tr is the non-normalized trace on Mjfc(C). 

Notation 104. (Microstates are matrices) Fixed £, i? > and m, G N. Let Xi, ...Xn 
free random variables on a finite factor M. We set 

rij(Xi,...,X„;m,A;,£) = {(^i,...,A„) GMfe(C)^„ s.t. 

f 11^,11 <^ . 
\ \tr{Ai, ■ ... • - r{Xi^ ■ ... • XiJ < e V(ii, v) G {1, ...n}f , l<p<n 

Definition 105. (Generalization of the process of limit) 

Xr{Xi, ...,Xn;m,k,e) = log\{T r{Xi, ...Xn]m,k,e)) 
Xr{Xi, ...Xn;m,e) = limsupk^ooik'^XRi^i, .■.Xn;m,k,e) + 2~^nlog{k)) 
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XBiXi,...Xn) = inf{xR{Xi, ...Xn;m,e),m G N,e > 0} 

X{Xi, ...Xn) = SUpixdXi, ...Xn),R> 0} 

xiXi, ...Xn) is called free entropy of the variables Xi, 

Note 106. The factor k~'^ instead of comes from the normalization. The addend 
2^^nlg{k) is necessary, since otherwise xr{Xi, ...X„;m,e) should be always equal to — oo. 

By definition it follows that the free entropy can be equal to — oo. Voiculescu himself 
has found some examples 

Proposition 107. ( | Vo2| . Prop. 3.6,c)) If Xi,...Xn are linearly dependent, then 

X{Xi,...Xn) = -CO. 

In order to have x{Xi, ■■■Xn) > — oo we need at least that Tfi(Xi, ...Xmnri, k, e) is not 
empty for some k, i.e. the finite subset X = {Xi, ...Xn} of Mga has microstates. This 
requirement is equivalent to Connes' embedding conjecture: 

Theorem 108. Let M be a type Hi factor. The following conditions are equivalent 

1. Every finite subsets X C Mga has microstates. 

2. M is embeddable into . 

Proof. (1. ^ 2.) 

Let Y = {xi,X2,...} a norm-bounded generating set for M. Fix m G N and £ = 
By hypothesis, there exist a natural number k and A^^^\ ...A^^ G Mfc(C) which are 
microstates for xi, ...x^- It has been proved by Voiculescu (see |Vo2) ) that one can choose 
||^{»")|| ^ Let TTfc : Mfc(C) — )• R any unital *monomorphism. Define = TTk{A^[^'^) 

and bi = {af^}^^| G 1°°{R), where a™ = 0, if i > m. Let Zj be the image of 6, into R'^. 
The mapping Xj — >• Zi extends to an embedding M ^ R^ . 

(2. ^ L) 

Let X = {xi,...x„} C R^ . These elements are 2-norm limit of element of R and thus 
we can find ai,...a„ G R whose mixed moments approximate those of the Xj's (indeed 
rRi^(xj^ • ... • Xjp) = limTji{x[^'^ ■ ... ■ x|"'')). Thus the implication follows by noting that 
every finite subsets of R is 2-norm approximately contained in some copy of Affc(M), for 
some k sufficiently large. □ 
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6.3 Collins and Dykema's approach via eigenvalues 



Connes' embedding problem regards the approximation of the operators in a separable 
type III factor via matrices. The basic idea of the approach by Collins and Dykema is 
that such an approximation must reflect on the eigenvalues: the eigenvalues of an operator 
in a separable type IIi factor should be approximated by the eigenvalues of the matrices. 
This is just the basic idea, but there are some problems: 

1. What does eigenvalue mean for an operator in a separable type IIi factor? 

2. In which sense those eigenvalues are approximated by the eigenvalues of the 
matrices? 

We start by answering to the first question. 

Let M be a separable type Hi factor and r its unique faithful normalized trace. For any 
a G Mga we can define the distribution of a as the Borel measure fXa, supported on the 
spectrum of a, such that 



Definition 109. Let a G Mga- The eigenvalue function of a is the function Aq : [0, 1) ^ M 



This definition generalizes what happens in Mn{C) as follows: 

Let a G Mjv(C)sa and let a = (ai, ...ajv) be its eigenvalue sequence, i.e. ai, ....ajv are the 
eigenvalues of a listed in non-increasing order and according to their multiplicity. In this 
case one has 



Now wc pass to the second question. First of all we need a topology with respect to 
we can consider the approximations. We denote 

J^ = {/:[0,1)— >-M right — continuous, nan — increasing and bounded} 




n > 1 



defined by 



K{t) = sup{x e M : lJta{{x, +oo)) > t} 



Xa{t) = aj 

where j is defined by the property < i < ;^ • 
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Clearly any eigenvalue function belongs into T . Conversely, given f ^ T and M G 
there exists a € M^a such that Xa = f- In this way we are able to identify with the set 
of eigenvalue functions. On the other hand 

T = {compactly — supported Borel measures on M} C C(M)* 

Therefore a natural topology on J-' (and thus on the set of eigenvalue functions too) is the 
weak* topology on C(]R)*. 

Above we said that the notion of eigenvalue function for operators generalizes that for 
matrices. Now we need to give a little formalization of this fact. Let be the set of 
A'^-tuples of real numbers listed in non-increasing order. The correspondence 

a = («!, ...ajv) G M< — >■ Xa{t) = ctj where ^ ^ ^t<j^ 

gives an embedding C J^. This embedding is very good, since it preserves the affine 
structure (the affine structure on is defined by taking the usual scalar multiplication 
and sum of functions; the affine structure on comes from R^). 

Now the idea is that Connes' embedding conjecture should be equivalent in something 
like the density of into J-. Actually it happens something more precise and elegant. In 
two words: Connes' embedding conjecture is equivalent to the possibility of approximating 
the eigenvalue function of operators of the form 

ai (g) xi + 02 (8) a;2 e MAr(C), G M {Me^m) 

with the eigenvalue function of operators of the form 

ai <8) 2/1 + 02 (8) y2 ai, yi e Mjv(C) 

where the eigenvalues functions of the j/j's are the same of those of the Xj's (after the 
embedding M< C J"). 

We give some details in order to arrive to the correct enunciation of CoUins-Dykema's 
theorem. Let a, /3 E R^,d G N, 01,02 G M]ydiC)sa,M G 3=//^. We denote 

KTd = {^C,C = aim{diag{a)^Idd)U*+a2^V{diag{P)^Idd)V*,U,V e C/(M„<i(C))} 
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T^ai,a2 _ I I j^ai,a2 
-^o,/3,oo ~ U a,l3,d 

where the closure is respect to the weak* topology on J-'. 

where xi,X2 G M whose eigenvalue functions agree with those of the matrices diag{a) and 
diag{l3). 

At last we denote 

rai,a2 _ I I Tai,a2 

Here is Collins-Dykema's theorem 



Theorem 110. (Collins-Dykema, |Co-Dy , Th. 4.6) The following statements are 
equivalent 

1. Connes' embedding conjecture is true. 

Proof. (Sketch). If Connes' embedding conjecture is true, then L"^'^^ = L'^'^r^j- On the 
other hand L°[^'a%u, = K^^^f^. Hence the first implication easily follows. Conversely, one 
can suppose that M is generated by two self-adjoint elements xi,X2. Approximating xi,X2 
we can assume their eigenvalue function belong into M< , for some A^. By adding constants 
we may also assume that xi,X2 are positive and invertible. Now a theorem by Collins and 



Dykema (see Co-Dy| , 3.6) shows that xi,X2 have microstates and thus the thesis follows 



from ThUnH □ 
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